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Abstract 



We introduce the dual Koenigs lattices, which are the integrable discrete 
analogues of conjugate nets with equal tangential invariants, and we find the 
corresponding reduction of the fundamental transformation. We also introduce 
the notion of discrete normal congruences. Finally, considering quadrilateral 
lattices "with equal tangential invariants" which allow for harmonic normal 
congruences we obtain, in complete analogy with the continuous case, the in- 
^ \ tegrable discrete analogue of the Bianchi system together with its geometric 

' meaning. To obtain this geometric meaning we also make use of the novel 

characterization of the circular lattice as a quadrilateral lattice whose coordi- 
£f~^ ', nate lines intersect orthogonally in the mean. 

O . 
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1 Introduction 

The paper concerns with the integrable discrete analogue of the following nonlinear 
partial differential equation 

N, m = - N *^> V N, N-N = U + V, (1) 
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where N is a vector valued function of two variables u and v , comma denotes dif- 
ferentiation (e.g., N ;U = 7^), and C/ = U(u) and V = V(u) are given functions of 
single arguments, u and v respectively. The system (JTJ) was introduced long time 
ago by L. Bianchi [3| as an equation satisfied by a normal vector of special hyper- 
bolic surfaces in E 3 ; here (u,v) are the asymptotic coordinates of the surface. The 
second geometric interpretation of the Bianchi system is given in terms of conjugate 
nets in E 3 permanent in deformation 17 . Such nets can be equivalently character- 
ized as conjugate nets with equal tangential invariants allowing for harmonic normal 
congruences [T5] . 

The third and more recent geometric interpretation of the Bianchi system follows 

from its equivalence (with the signature of the scalar product changed to H ) to the 

Ernst-like reduction of Einstein's equation describing the interaction of gravitational 
waves PEHj. Indeed, define [2H] 

£ = r = N.N = NZ + e(Nl + Nl), e = ±1; 

then the Bianchi system is transformed into the equations 

(2£ tVV + r -^i u + (ft + e) = 4^£,«, r uv = 0, 

which are the hyperbolic version of the Ernst system describing axisymmetric sta- 
tionary vacuum solutions of the Einstein equations [T§1 123} l2~l l2*T|. 

During the last few years the integrable discrete (difference) analogues of geometri- 
cally significant integrable differential equations have attracted considerable attention 
CH IIEI ESj • The integrable discrete systems appear naturally in statistical physics 
|2*T] and in quantum field theory [23|. It has long been expected that a quantization 
of gravitational systems will lead to a discrete structure of space-time and then the 
differential equations must be replaced by difference equations at a fundamental level 
(see recent reviews [23 CI)- It would be therefore useful and instructive to study the 
geometric properties of integrable discrete version of the Bianchi system, a distinctive 
integrable reduction of Einstein's equations. 

In a recent work [2B1 El! j * n which the original paper [Hj of Bianchi was discretized 
step by step, the following nonlinear vector equation 

N m +N= — J!l±^ ^— (iV (1) + JV (2) ), (2) 

(N {1) + N {2) ).(N {1) +N {2) ) 

was derived, in the context of asymptotic lattices, and identified as the proper inte- 
grable discrete analogue of the Bianchi system (JTJ). In equation (J2J), U\ = Ux(mi) and 
U% = ^2(^2) are given functions, respectively, of the single arguments mi and m 2 , 
and the subscripts in bracket denote shifts in the indexed variables, i.e., for mi, ra 2 G 
Z 2 we write iV( ±1 )(mi, m 2 ) = N(mi ± l,m 2 ), N(±2){ m ij m i) — N(mi,m 2 ± 1), 
iV( ± i ±2 )(rn,i,m 2 ) = N{mt ± l,m 2 ± 1). 
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It is remarkable that the same system (J2J) had been already introduced, a bit 
earlier, in [33], in the different geometric context of discrete isothermic nets, as an 
integrable discretization, instead, of the vectorial Calapso equation. Therefore the 
system (J2J) can be viewed as a remarkable example in which discretization leads to a 
unification of different geometries and of different partial differential equations. 

Equation (J2J) can be obtained from the discrete Moutard equation found in 

N il2) + N = F(N {1) + N {2) ), (3) 

imposing the integrable quadratic constraint 

(JV (la) + N) ■ (JV (1) + JV (2) ) = C/i + U 2 . (4) 

The integrability of the discrete Bianchi system (j2j) was proven in jHHl arid using 
different approaches, by showing the compatibility of the constraint (@J) with a suit- 
able restriction of the Darboux transformation of the discrete Moutard equation (|3*j) . 
However the geometric meaning of the constraint (@J) was still unclear both in the con- 
text of discrete isothermic nets and in the context of discrete asymptotic nets. This 
situation seemed to be in contrast to the believe that geometry, and especially the 
discrete geometry, should help to understand integrability of the underlying systems. 

In the present paper we obtain the integrable discrete analogue of the Bianchi 
system (0) in a geometric way. In order to keep track of integrability on each step of 
the construction, we make use of its geometric interpretation as the system describing 
conjugate nets with equal tangential invariants allowing for harmonic normal congru- 
ences jlHj. 

The main results of the paper can be stated as follows: i) we have introduced the 
notion of dual Koenigs lattice, the proper integrable discrete analogue of a conjugate 
net with equal tangential invariants; ii) we have introduced the notion of discrete 
normal congruence, the proper integrable discrete analogue of a normal congruence; 
iii) we have introduced the (quadrilateral) Bianchi lattice as a dual Koenigs lattice 
allowing for a harmonic congruence which is a discrete normal congruence. Because 
the simultaneous application of several integrable constraints preserves integrability, 
we obtain for free the integrability of the Bianchi lattice. An additional result of 
the paper, relevant in deriving the above results, is the novel geometric characteriza- 
tion of the circular lattice as a quadrilateral lattice whose coordinate lines intersect 
orthogonally in the mean. 

It turns out that applying the above geometric constraints to the quadrilateral 
lattice one obtains 

n ( i2) + n = F ( i)n ( i) + F ( 2)n (2 ), ft ■ n F = JJ X + U 2 , (5) 

which is simply related to equations ©-© by 

n = N (1) +N {2) . 
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In fact the system (J3j) appeared first in a hidden form in [2E] (see also [T3]) as a usefull 
tool to prove the integrability of equation (J2J). The program realized in this paper 
allows to embed yet another integrable discrete system into the general theory of 
lattices with planar quadrilaterals [HI EU HI E21 E31 EE] , which are the proper discrete 
analogues of conjugate nets. Moreover, the paper confirms once more that, in the 
context of integrable geometries, the transition from differential to discrete, which is 
often highly nontrivial on the a level of the direct calculations, can be simplified and 
better understood on geometric level. 

The paper is constructed as follows. We start from Section 12 in which we present 
the integrable discrete analogues of nets with equal tangential invariants, combining 
the notion of dual lattice ^H] with the notion of Koenigs lattice [H]. In Section El we 
introduce and study the discrete normal congruences. Finally, in Section |U we put 
all the above ingredients together to get the integrable discrete Bianchi system. The 
Appendix contains additional results of more algebraic nature stated in the language 
of partial difference equations. In its first part we present the algebraic version of 
the geometric characterization of circular lattices and normal congruences obtained 
in Section |3J The second part of the Appendix contains the Darboux transformation 
for the discrete Bianchi system (jSJ) written as a linear problem. 

We remark that, during the conference in which the geometric discretization de- 
scribed in this paper was presented, also the discretization of the notion of conjugate 
net invariant for deformation was presented [HI]. Therefore two of the geometric 
meanings of the Bianchi system seem to be now successfully discretized. 

2 The dual Koenigs lattices 

As it was mentioned above, in the geometric derivation of the Bianchi system (0) one 
combines the notion of the net with equal tangential invariants with the notion of 
the normal congruence. This Section is devoted to the presentation of the integrable 
discrete analogue of the first component of the geometric definition of the Bianchi 
system. We start with collecting some by now classical results from the theory of two 
dimensional quadrilateral lattices in three dimensional space [S21IS1E|, together with 
their tangential description and from some recent results on the theory of Koenigs 
lattices (the discrete analogues of conjugate nets with equal point invariants) [TTj . 

2.1 Quadrilateral lattices and discrete congruences 

The integrable discrete analogues of conjugate nets are lattices made out of planar 
quadrilaterals [321 IE] , called in [TJ] the quadrilateral lattices. Given such a lattice 
x : Z 2 — > P 3 , then, in terms of the homogeneous coordinates x : Z 2 — > M% of the 
lattice, the planarity of the elementary quadrilaterals can be expressed as a linear 
relation between x, x^, X/ 2 ) and X( 12 ). In the generic situation, assumed in the 
sequel, in which three vertices of the elementary quadrilaterals are never collinear, 
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Figure 1: The quadrilateral lattice 



the linear relation can be written down as the discrete Laplace equation jSl E] 

33(12) = 4(1)35(1) + B {2 )X {2 ) + Ccc, (6) 

where A, 5 and C are real functions on Z 2 . 

Any quadrilateral lattice in P 3 can be considered as envelope of its tangent planes 
(the planes of elementary quadrilaterals). Denote by x* e M.f the homogeneous 
coordinates of the plane x* G (P 3 )* passing through x, xm and (see Figure HJ), 
i.e., 

(X*, X) = (x*, = (X*, X(2)) = 0. 

Because the planes x*, x*^, xjL and x* 12 -) intersect in the point X(i2), then also the 
homogeneous coordinates a;* : Z 2 — > P4 satisfy the Laplace equation 

x *i2) — ^\i) x \i) + B(i) x (2) + C*^*- (7) 

The homogeneous coordinates x are called the point coordinates of the lattice x while 
x* are called the tangential coordinates of the lattice (see also [TH]). 

The theory of transformations of the quadrilateral lattices is based on the theory 
of congruences of lines JH]. A Z 2 family of straight lines L in P 3 is called congruence 
if any two neighbouring lines are coplanar (and therefore intersect). The intersection 
points yi — L fl £(-i), i = 1,2, define focal lattices of the congruence. It turns out 
that the focal lattices have planar quadrilaterals as well (see Figure 12} • 

Corollary 1. Notice, that the plane y\ of the first focal lattice contains the lines L 
and L(2), while the point y\ is the intersection of the lines L and £(-i)- This implies 
that one cannot just "dualize" formulas where focal lattices appear. In general, in 
place of yi it should be written jA-i) while in place of y 2 it should be written y*r 2 )> 
see Figure® 

A quadrilateral lattice and a congruence are said to be conjugate to each other 
if the points of the lattice belong to the corresponding lines of the congruence. A 
quadrilateral lattice and a congruence are said to be harmonic to each other if the lines 
of the congruence belong to the corresponding tangent planes of the lattice. Under 




Figure 2: The first focal lattice of a congruence 




Figure 3: The fundamental transformation 

the standard dualization in the projective space (see, e.g., [HI]), the statement 
"the point belongs to the line" is replaced by the statement "the plane contains the 
line". This implies that the notions of conjugate and harmonic congruences (to a 
quadrilateral lattice) are dual to each other. 

The quadrilateral lattice x' is a fundamental transform of x if both lattices are 
conjugate to the same congruence |IB| (see Figure EJ), called the conjugate congruence 
of the transformation. It turns out that both lattices x and x' are also harmonic to 
the congruence given by the intersection of the planes x* and x'*, which is called the 
harmonic congruence of the transformation. This makes the geometric picture of the 
fundamental transformation in P 3 self-dual. 

2.2 The dual Koenigs lattice 

We first recall the geometric definition of a Koenigs lattice and its algebraic charac- 
terization introduced in [TT]. Given a quadrilateral lattice x in P 3 , denote by x\ the 
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Figure 4: The three lines in the definition of the Koenigs lattice 

intersection points of the lines L XX(2) with the lines L x , 1)X ._ ia) and denote by x_i the 
intersection points of the lines L XX(1) with the lines L X( _ 2)X(1 _ 2) . 

Definition 1. The Koenigs lattice is a two dimensional quadrilateral lattice such 
that, for any point x of the lattice, there exists a conic passing through the six points 

xi, Xi(i),Xi(n), x-i, x_i (2 ) and x_i (22 )- 

Proposition 2. The Laplace equation of the Koenigs lattice can be gauged into the 
canonical form 

X(12) + X = F(i)X(i) + F(2)X(2). (8) 

Using Pascal's "mystic hexagon" theorem (see, e.g., [HI]), it is possible to obtain 
the following alternative geometric characterization of a Koenigs lattice (see Figure 

n. 

Proposition 3. The quadrilateral lattice x in P 3 is a Koenigs lattice if and only if, 
for any point x of the lattice, the three lines 

(i) the line connecting the points x* fl H 5E?_i_i) an d x* fl x%> fl x* 22 y 

(ii) the line connecting the points x* fl 2v_ 2 ) ^ x (- 2 - 2 ) an ^ x * ^ x *(i) ^ x *(ii)> 
(Hi) the line connecting the points x* fl xlu H x*_ 2 ) an ^ x * ^ x (i) ^ x (2)> 
intersect in a single point. 

Proof. By the Pascal theorem, the quadrilateral lattice x is a Koenigs lattice if and 
only if the lines L x _ lXl{11) and L XlX _ 1{22) intersect in a point of L XX(12) . Notice that 
in P 3 the point x\ is the intersection point of the three planes x*, x*,-^ and 
Similarly, the point x_i is the intersection point of three planes x*, £(_ 2 ) an d ^(_ 2 _ 2 )- 
By definition, in P 3 we have x = x* fl H £(_ 2 ) and X( i2 ) = x* fl x*-^ fl xL). □ 
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Remark. For a generic quadrilateral lattice x in P 3 , the three lines of the above 
proposition are contained in the plane x*. 

The notion of the dual Koenigs lattice can be conveniently obtained by dualizing 
the geometric definition of the Koenigs lattice given in the above proposition. 

Definition 2. A quadrilateral lattice in P 3 is called the dual Koenigs lattice if, for 
any point x of the lattice, the three lines 

(i) the intersection line of the plane TTxx,^,^ with the plane k XX(2)X(22) , 

(ii) the intersection line of the plane n XX( _ 2)X( _ 2 _ 2) with the plane ir XX(1)X(11) , 

(iii) the intersection line of the plane ir xx ,_ 1)X , 2) with the plane 7T XX , 1)X(2) , 
are coplanar. 

Remark. For a generic quadrilateral lattice in P 3 the three lines of the above definition 
intersect in the point x. 

Also the basic algebraic characterization of the dual Koenigs lattice can be ob- 
tained dualizing the corresponding algebraic characterization of the Koenigs lattice 
(just replacing the homogeneous point coordinates by the tangential ones). Because of 
the importance of this characterization in the paper, we will prove it without referring 
to the duality principle. 

Proposition 4. The quadrilateral lattice x in P 3 is a dual Koenigs lattice if and only 
if its tangential coordinates can be gauged in such a way that the Laplace equation (0) 
takes the form 

x (i2) + x* = F (1) x* {1) + F {2) x* {2) . (9) 

Proof. The plane 7i XX(1)X{11) contains the lines L XX{1) = x* H x*_ 2) and = 
x%j PI x%_ 2 y Therefore the homogeneous coordinates of the plane can be found by 
solving the linear system 

Xx -\- [AX^_2^ — CX^ -\- Sx (1—2)' 

Using the Laplace equation ((7j) it can be shown that the coordinates read 

B*X* + C*_ 2 )2!*_ 2 ) = X*y — ^4(i_2) x (l-2) ■ 

Similarly, the homogeneous coordinates of the planes k xx , 2)X{w) , itxxt_x ) xr_- l _-x ) an d 
7Txx ( _ 2) x ( _ 2 _ 2) are given, correspondingly, by 

A X t O^ya;^!) = ^( 2 ) — -D(-12) a; (-12)> 
-DC-l-l^C-l-l) + U (-l-l-2) a:; (-l-l-2) = X (-l) ~~ /1 (-l-2) a3 (-l-2)) 
(—2— 2) (—2— 2) ' ^(—1—2— 2) (—1—2— 2) — X (-2) ~~ -°(-l-2) X (-l-2) 

The coordinates of the planes ti XX{1)X(2) and vr XX( _ 1)X( 2) are, by definition, x* and 
x *-i-2)- There exists a plane containing the intersection lines ti XX{1)X(11) ^7r XX{ _ 2)X( _ 2 _ 2) , 



fa»(2)x (2 2) n 7r xx ( _ 1) x ( _ 1 _ 1) and 7TM.pja.pj H tt XX( _ 1)X{ _ 2) if and only if the linear system for 
the unknowns A, p, a, 5, x, v 

\{B*X* + C(_2) X *-2)) + / i ( a; (-2) — -^*-i-2) :z; (-i-2)) = 
a(A*x* + C^x*^) + <J(X(_ 1} - ^(-i- 2 )^(-i-2)) = X^* + ^(-1-2), 

has a non-trivial solution. By linear algebra, and assuming that no three of the four 
points x, x_ 2 ) and X(_ 1 _ 2 ) are collinear, such a solution exists when 

71 U (-2)- D (-l-2) — °(-l) /1 (-l-2)' 

This restriction on the coefficients of the Laplace equation ((Zj) implies, exactly like in 
the corresponding proposition of [TT] . existence of the gauge function p defined by 

P(12) = -<^*P, P(1)A* = p( 2 )B*. 

After the gauge transformation x* 1— > x*/p, the new homogeneous tangential coordi- 
nates of the lattice satisfy the Laplace equation of the form Q with the potential 

F= A*p = ETp 

P(2) P(l) 

□ 

After having established the relation between Koenigs lattices and dual Koenigs 
lattices on both geometric and algebraic levels, we will make use of the results of [11 J 
to present the dual version of other basic properties of the Koenigs lattices. Taking 
into account the exchange of indexes and shifts in the notation for the tangential 
coordinates of the focal lattices of the harmonic congruence (see Corollary HJ, we will 
obtain the geometric characterization of the dual Koenigs lattices from the point of 
view of their transformations. 

Consider a quadrilateral lattice x in P 3 and a congruence L harmonic to the lattice. 
According to the dual description of lines, any line of the congruence is identified with 
the pencil of planes containing the line. Notice that the planes z*, z i(-2) anc ^ z 2(-i) 
of the focal lattices of the congruence, as well as the plane x*, are elements of the 
same pencil. On each line there exists a unique involution, denoted by i, which maps 
the planes z\ and z\ to the planes and ^(-i)' correspondingly. The following 

proposition is the dual version of the Corollary 15 of [TT] . 

Proposition 5. The quadrilateral lattice x in P 3 is a dual Koenigs lattice if and only 
if, for any congruence harmonic to the lattice, the planes x*' = i(x*), where i are the 
involutions described above, are tangent planes of a quadrilateral lattice. 

Corollary 6. If x is a dual Koenigs lattice, then the quadrilateral lattice x' with 
tangent planes x'* = i(x*) must be, by the symmetry of the construction, a dual 
Koenigs lattice as well. 
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The above Proposition provides the basic geometric characterization of the reduc- 
tion of the fundamental transformation corresponding to the dual Koenigs lattices. 
Its algebraic formulation, given by the dual version of Proposition 8 of ^T] , reads as 
follows; here A*, i = 1,2, denote the standard partial difference operators acting as 

a,/ ./;,. /. 

Theorem 7. Given a dual Koenigs lattice with tangential coordinates x* in the cano- 
nical gauge of equation (JSJ) . If 6 is a scalar solution of the discrete Moutard equation 

e (1 2) + e = F(9 {1) + e {2) ), (10) 

then the solution x'* of the linear system 

x'*\ „ „ .fx 



Ai -r = 0(dVA - , (ii 



x'* \ A / ar 



A 2 — = -0(2)0(i2) A 2 ( — I , (12) 



with (p and 0' given by 



0(1) 0(2) 



gives the tangential coordinates of a new dual Koenigs lattice satisfying equation (jOJ), 
with the potential 

F> = F^ffi. (14) 

V #(12) 

Finally, we collect the dual versions of some formulas scattered in jTI] which turn 
out to be useful in the sequel. 

Corollary 8. The homogeneous coordinates of the tangent planes of the focal lattices 
Zi, i — 1,2 of the harmonic congruence of the dual discrete Koenigs transformation 
are given by 

ee '»j + T) (2 r - e < lAa >j-y (15) 

eem J-T) m = W*»T-T- (16) 

They can be found from equations 



Z 2(-l) ~~ Z l(-2) — ® X * ■> (1^) 

Ai*J ( _ 2) = -e ( i)(a ! J 1) -F**) ) (18) 
Aa*5 ( _ 1) = 0(2)K2)-^*), (19) 
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Figure 5: Circular quadrilaterals 



once the solution 9 of equation (110)1 is given. Moreover, the homogeneous coordinates 
of the fixed planes of the involutions i, are given by 



3 The discrete normal congruences 

The classical examples [TJj of congruences are given by normals to a surface in the 
three dimensional Euclidean space E 3 . The developables of such congruences cut the 
surface along the curvature lines and the corresponding tangent planes of its focal nets 
intersect orthogonally. Keeping the last property one obtains the notion of the normal 
congruence. In this section we will define the discrete analogue of such congruences. 

The discrete analogues of surfaces parametrized by curvature lines were introduced 
in [2E1 ED] and are two dimensional lattices in E 3 made of circular quadrilaterals. 
Integrability of multidimensional circular lattices was proven first geometrically in [Z| 
(see also 4j), and then by using analytic means in |12j . 

Let us present a new elementary geometric characterization of circular lattices 
which will be important in the characterization of the Bianchi lattices (for other 
algebraic characterizations of circular lattices [3121312] see the Appendix). 

Proposition 9. A planar quadrilateral is circular if and only if the lines bisecting 
the angles between its opposite sides and intersecting the quadrilateral are orthogonal 
(see Figure^). 

Proof. By elementary geometry, using the following facts: i) a convex planar quadri- 
lateral is circular if and only if its opposite angles add to 7r; ii) a non-convex planar 
quadrilateral is circular if and only if its opposite angles are equal. □ 




(20) 
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Figure 6: Normal congruence of a circular lattice 

Remark. The above result means that the coordinate lines of the circular lattice 
intersect orthogonally " in the mean" . 

In [TU] it was shown geometrically that the normals to the circles of a two dimen- 
sional circular lattice in E 3 passing through their centers form a congruence. Let us 
recall that construction. Denote by C the circle passing through x, xn\ and X( 2 ), and 
by v denote the line normal to the plane of the circle and passing through its center 
(see Figure |BJ). The plane bisecting orthogonally the segment xxq) is the common 
plane of v and z^-i), and the plane bisecting orthogonally the segment xx^ is the 
common plane of v and v<-2)i which shows that the family of normals v is a con- 
gruence, called the normal congruence of the circular lattice. This property provides 
the discrete analogue of the basic relation between normals of a surface in E 3 and 
the curvature lines. Due to Proposition El we have the discrete counterpart of this 
characterization of normal congruences as orthogonality of the focal planes "in the 
mean" . 

Proposition 10. If the congruence v with focal lattices y% and y 2 is a normal congru- 
ence of the circular lattice x, then the pair of orthogonal planes bisecting the angles 
between the planes y\i 2 ) an d y\ coincides with those bisecting 2/2(-i) an ^ V2 ■ 

Proof. Notice that the plane y*(_2) containing the lines v and V-2 is orthogonal to the 
segment xxn) . The rest of proof follows from similar facts for other planes intersecting 
at v and other sides of the quadrilateral and from Proposition El (see Figure |7|). □ 

The property of congruences normal to circular lattices described above suggests 
the following definition of discrete normal congruences. 
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y K-2) 



Figure 7: Discrete normal congruence 

Definition 3. A two dimensional congruence in E 3 is called normal congruence if 
the pairs of planes bisecting the angles between its two corresponding pairs of the 
consecutive focal planes coincide. 

Recall that, within all projective involutions in a pencil of planes in E 3 , the re- 
flections are characterized by the property that the fixed planes of the involution 
are orthogonal. This gives the following, important for further purposes, geometric 
characterization of the normal congruences 

Proposition 11. Consider a two dimensional congruence in the Euclidean space E 3 
whose focal lattices have the tangent planes y*, i = 1,2. On each line of the congru- 
ence, consider the unique involution in the corresponding pencil of planes mapping 
y*(-2) t° V* an d ^2(-i) to U2- The congruence is normal if and only if the fixed planes 
of the involution are orthogonal. 

There is a natural question if all discrete normal congruences can be constructed 
from circular lattices. The answer is affirmative but, because we will not use that 
fact in the sequel, we present here only a geometric sketch of its proof (the interested 
Reader can find in the Appendix the algebraic description of normal congruences and 
the algebraic proof of the above result). Start with a point x G E 3 and define its 
image x^ in reflection with respect to the plane y*(_ 2 ) ( see Figure Similarly, 
define the point 2( 2 ) as the image of x in reflection with respect to the plane jA-iv 
The construction turns out to be compatible, i.e., the image of xm in reflection of 
the plane y% is the same as the image of xm\ i n reflection of the plane ?/*, due to 
the normality of the congruence. Moreover, the point xm) defined in this way is 
concircular with x, xm and xm- Therfore, given the starting point xq, one can 
construct the circular lattice with the congruence being its normal congruence. 
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4 The discrete Bianchi system 



The geometric interpretation of the Bianchi system is given by conjugate nets with 
equal tangential invariants allowing for a harmonic congruence which is a normal con- 
gruence |18j . In such a situation, the involution in the pencil of planes with the base 
being the harmonic congruence is the orthogonal reflection with respect to the planes 
of the focal nets. In the previous sections we have defined the integrable discrete 
analogues of the dual Koenigs net and of the normal congruence. We may therefore 
expect that, composing both notions in exactly the same way like in the continu- 
ous case, we should obtain the discrete Bianchi system together with its geometric 
interpretation. 

Definition 4. The quadrilateral Bianchi lattice is a dual Koenigs lattice in E 3 allowing 
for a harmonic congruence which is a normal congruence. 

Remark. We use the name quadrilateral Bianchi lattice to distinguish it from the 
asymptotic Bianchi lattice described in From now on we study only quadrilateral 
Bianchi lattices skipping the adjective "quadrilateral". 

In studying Bianchi lattices we will often restrict the homogeneous representation 
of planes to its affine part, i.e., if w* = (cD,w* 4 ) is the tangential homogeneous 
representation of the plane w*, its affine part is cD. Notice that in this description all 
parallel planes are indistinguishable. 

Proposition 12. Let x be a dual Koenigs lattice in E 3 with tangential coordinates 
x* satisfying equation 0, denote by n its affine part. If the lattice x is a Bianchi 
lattice, then 



Proof. Let L be a normal congruence harmonic to x. By Proposition we have a 
unique new dual Koenigs lattice x', harmonic to the congruence and related with x by 
the corresponding restriction of the fundamental transformation. Denote by n the 
affine part of the tangential coordinates of x' in the canonical gauge of Theorem 
Denote by n± the affine parts of the tangential coordinates of the fixed planes of the 
involution on L in the gauge of Corollary |Hl i.e., 



By Proposition^^ the congruence L is normal if and only if the vectors n± are orthog- 
onal, which gives the following constraint between the affine parts of the tangential 
coordinates of the Bianchi lattice and of its transform 




(21) 




(22) 



n ■ ri F = n ■ n F' . 



(23) 
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and 



Denote by Hi, i = 1,2, the affine parts of the tangential coordinates of the focal 
lattices Z{, i = 1,2, of the congruence L in the gauge of Corollary |S1 i.e., 

* = -»«»«>£-f = -(« W f + f) m . <*) 

n 2 = o m e (12} ---= (25) 

Then equation (j2Hl) implies that 

n 2 • n 2 ni ■ ni _ _ 

Tt # + 7\ n — nnF, (26) 

^(1)^(12) #(2)^(12) 

Ai ( " 2 '~ i> '" 2( " i) ] = 0, 4%^)=o, (27) 

V ^(2) / V W (l(-2)) / 

which give the constraint ()21j) . □ 

Corollary 13. T/ie condition (|2*T|l implies that 

n-nF = U 1 {m 1 ) + U 2 {m 2 ), (28) 

where U\ and U2 are functions of the single variables mi and m.2, respectively. In the 
above notation 

«i(-2) • "i(-2) = (f^iK) + A) , n 2 (-i) • ft 2 (-i) = 66(2) (U 2 (m 2 ) - A) , (29) 
where X is a constant. 

Corollary 14. Because the congruence L is also harmonic to the new dual Koenigs 
lattice x' , then the lattice is also a Bianchi lattice. 

Our last step is to show that the condition described in Proposition [T21 is also 
sufficient to characterize the Bianchi lattices among the dual Koenigs lattices. In 
order to make clear the geometric content of the forthcoming calculations, let us first 
draw some consequences of the previous considerations. 

Let x be a dual Koenigs lattice and let L be a harmonic congruence conjugated 
to the lattice. Denote by z\ and z* 2 the tangential coordinates of the focal lattices of 
L in the gauge of Corollary |H1 The plane w* with homogeneous coordinates 

w * = -z\ { _ % - z\_ x) (30) 

contains the line L, while equations (fTHj) - (fT9"|) imply that w* satisfies the linear system 

a 1 w*= e {1) x* (1) -(2Fe {1) -e)x\ (31) 

A 2 w* = -0(2)05(2) + (2F6 {2) - 6)x*, (32) 



15 



and, by equations (fT5 |) -(fT5 |l . the tangential coordinates of the corresponding Koenigs 
transform x' read 



,* 1 
x — - 

2 



0(1) d(2) J W) o {2) . 



(33) 



If, moreover, x is a Bianchi lattice and the congruence L is normal, then the affine 
part uj = — ni(_2) — fW-i) of w* is subjected also to the following constraints 

Q-n = 9 {1) (U 1 + \)-9 (2) (U 2 -\), (34) 

,U 1 + U 2 



2 ((z/i + \)ee (1) + (c/ 2 - \)ee {2) ) - a 2 ^ 2 . (35) 



Proposition 15. Lei x be a dual Koenigs lattice in E 3 with tangential coordinates 
x* satisfying equation (JHJ). If its affine part ft satisfies equation (l2Tf then the lattice 
x is a Bianchi lattice. 

Proof. The idea is to construct a normal congruence harmonic to the given dual 
Koenigs lattice subjected to condition (|2"Tf . Let x* = (n, x* 4 ) be the homogeneous 
tangential coordinates of such a lattice in the canonical gauge. Fix the functions U\, 
U 2 in equation (|2*Hj) and fix a parameter A (it plays the role of spectral parametr in 
soliton theory). 

Given (from previous steps of the construction or as initial data) the plane w* 
with homogeneous coordinates w* = (uj,w* a ) and the scalar 9. Define the planes 
^2(_i) an d z \(- 2 ) with homogeneous coordinates z^f-i) = (^2(-i)> z 2 (-i)) anc ^ z i(-2) = 
(™i(-2), z lf- 2 )) by equations 

z* 1{ _ 2) = -~(9x* + w*), (36) 
*3(-D= ^(^*-«*)- (37) 

Define 9^ and 6*( 2 ) by equations (|2l?j). then the affine part cD of u>* satisfies equa- 
tions (|3*4"j) and (|33|) . In the last step of the construction we find and w* 2 ^ from 
equations lj3T|l -lj32ll. 

By equations (|3^j) and (|33j) the construction is compatible and, moreover, the 
function 9 satisfies the discrete Moutard equation (fTU|) . Then equations (|3T)J) - (f3Tj) and 
(|SH)-(jS2I) imply that z* and z* 2 satisfy equations fTTjl - fTTIj) . i.e., the lattices z\ and z 2 
are focal lattices of a congruence L harmonic to x. 

Because the vectors ni(_ 2 )/ and Hi/ -1/^(2)^(12) are of equal length, then the 
planes bisecting <z*(_ 2 ) an d z\ have the normal vectors 



(J) \/ 0(2)0 (12) 
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similarly, the planes bisecting zt 



•2(-l) 



and z\ have the normal vectors 




™2(-i) , n 2 



Equations 1(2 ^1 . ([31 )1 and (jSH Jl imply 



6 



'i- 



■ 6 



b 2 



which shows that the congruence L is normal. 



□ 



Corollary 16. Once the normal congruence L is found then the tangential coordinates 
of the corresponding new Bianchi lattice x' are given by f!33|) . 

Remark. The vectors b i± are proportional to the vectors n± considered in the proof 
of Proposition [T21 
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A Algebraic description of normal congruences 

The goal of the Appendix is to present the theory of discrete normal congruences 
using the more algebraic language of difference equations. 

A.l Quadrilateral lattices and congruences in the affine gauge 

Let us first express some facts from the theory of quadrilateral lattices and discrete 
congruences in the language of affine geometry which will be used in the algebraic 
description of the discrete normal congruences. 

Restricting the ambient space from the projective space P 3 to the corresponding 
affine space M 3 , we change from the homogeneous coordinates x to the nonhomoge- 
neous ones x, i.e. [x] = [(x, 1)]. Then the Laplace system takes the following form 



18, 



5(12) = + 5(2)^(2) + (1 - A {1) - B {2 ))X. 



(38) 
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Define the Lame coefficients H and G as "logarithmic potentials" 

* = « = (39) 

and introduce the suitably scaled tangent vectors X, Y", 

Ai5 = A 2 x = G {2) Y. (40) 

Corollary 17. T7ie Lame coefficients are not unique; H is given up to the multiplica- 
tion by a function of the single argument mi, while G is given up to the multiplication 
by a function of the single argument m 2 



In terms of such vectors, the affine Laplace equation (|38J) changes into the system 
of two equations of the first order 

A 2 X = Q {2) Y, AiY = P {1) X, (41) 

where the proportionality factors Q and P, called the rotation coefficients, are given 
by 

#(1) G( 2 ) 

Denote by y { , i — 1, 2, the affine representants of the focal lattices of a congruence. 
The coefficients of their Laplace equations 



Vi{12) — ^\l)Vi{l) + B{2)Vi{2) + (1 ~ ^(1) — B(2))Vi' ? — 1) 2, 

enter into the formulas connecting the lattices as follows [HI EH 

V2-Vi = ~ B i_ ! A i^i = ]j2Z ! A ^2- (43) 
Equation (|4*H|) leads directly to the following result. 

Proposition 18. Consider a two dimensional congruence whose focal lattices are 
represented in the affine gauge by y i , i = 1,2, and denote by H\ G 1 , their Lame 
coefficients. Define the vectors X and Y as follows 

X = Ml. y = — (44) 

Then these vectors satisfy the equations 

A 2 X = G l A 2 (±\ Y, A X Y = H 2 A 1 (J-) X (45) 

Remark. Notice that the pair (772, ^t) satisfies the same linear problem (|43|) as the 
pair (X, Y). 
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Corollary 19. Consider a pair (X°, Y°) of scalar solutions of the linear problem 
flUD , then 

Y X 

are affine coordinates of the focal lattices of a congruence. Moreover the Lame coeffi- 
cients of these lattices can be chosen in such a way that 

R2 = xo' Gl = yo" 

We represent planes in M 3 by dual vectors x* such that [x*\ = [(x*, —1)]- Then the 
equation of the plane represented by x* and passing through the point represented 
by x is normalized to 

(x*, x) = 1. 

Remark. Notice that the dual analogue of the points of the plane at infinity is the set 
of all planes passing through the origin. 

In the transition from the homogeneous tangential coordinates of quadrilateral 
lattices to the nonhomogeneous ones, the Laplace equation (JZj) is replaced by its 
affine form (JHHj) . but with the coefficients A* and B* . Therefore, also other algebraic 
considerations, from equations (jlUj) to (}4*2"j) . apply to the affine tangential coordinates 
of quadrilateral lattices. In this way one defines the dual Lame coefficients H* and 
G*, the dual normalized tangent vectors X , Y , and the dual rotation coefficients 
P* and Q*. 

The dual version of the connection formulas (J4*H|) can be found from the require- 
ment that the four planes represented by y\, y*r_ 2 )i vl anc ^ intersect along 
one line, exactly in the same way like equations (|4*H|) were found from requirement 
that the four points represented by y l7 Vim, y 2 an d 02(2) belong to one line. Such a 
derivation, which gives the same result as applying the duality principle to equations 
(and taking into account Corollary Q), leads to the following connection formulas 



VU-2) - V*2(-i) = —HZ- 7 A ^2(-i) = "7^ 7 A 2£i(-2)> (46) 

~~ 1 ^(-2) ~~ 1 

which imply the following dual versions of Proposition and Corollary El 

Proposition 20. Consider a two dimensional congruence in P 3 and its focal lattices 
whose tangent planes are represented in the affine gauge by y*, i = 1,2. Denote by 
H* 1 , G* 1 , their Lame coefficients and define the dual vectors X and Y as follows 

MRv **-(£)„■ 

Then these vectors satisfy the equations 

A 2 X* = G?_ 1} A 2 f JL-J Y\ A,Y* = H^A, f _L_J x\ (48) 
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Remark. Notice that the pair ( „„ 1 1 , „^ ) satisfies the same linear problem (1451) as 

H (-2) ^(-1) 

the pair (X , Y). 



Corollary 21. Given a pair (X°,Y°) of scalar solutions of the linear problem fl4*T|) . 

Vl ~ ' X° j ' 2/2 ~~ I Y° 

(2) V / (1) 

are affine tangential coordinates of the focal lattices of a congruence. Moreover the 
Lame coefficients of the lattices y\ and y* 2 can be chosen in such a way that 

*2 1 tj*1 1 



G* z = # 



A (2) 

A. 2 Circular lattices and normal congruences 

In the Euclidean space E 3 we identify covectors with vectors via the scalar product 
and we represent planes using their normals. The affine representation of a plane is 
given by x* = fj/w, where fj is the unit outer (with respect to the origin) normal 
vector to the plane and w is the distance of the plane form the origin. 

It can be shown ^2) that a quadrilateral lattice is circular (see Section EJ) if and 
only if its normalized tangent vectors satisfy the constraint 

X ■ Y {1) + Y ■ X {2) = 0, (49) 

which, in the continuous limit, gives the orthogonality of the curvature lines. Other 
two convenient characterizations of the circular lattice are as follows (see (221 E] for 
more details): the quadrilateral lattice x is circular if and only if the scalars 

X° := + x) ■ X , Y°:= ~(x {2) + x) ■ Y , (50) 

solve the linear system ()41|) or, equivalently, if the function \x\ 2 = x ■ x satisfies the 
affine Laplace equation (}38|) of x. 

The algebraic version of the new geometric characterization of circular lattices 
described in Proposition El (we consider here also the second pair of bisectrices) is 
contained in the following 

Proposition 22. For X andY satisfying the linear problem (j41j) . the condition (j49)l 
is equivalent to the constraint 




\X\ \X {2) \ \\Y\ \Y {1) \ 



0. (51) 
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Proof. Equations (JoTj) are equivalent to equations 

X Y , X {2) Y {1) _ X Y {1) | X {2) Y _ Q 



\X\ \Y\ \X(2)\ \X\ |^(i)| 1-^(2) 

Equation (J4T?|) and the linear problem (}4*T]) imply that 



\ X (2)\ |^(1)| 



l-Q(2)P(i), (53) 



\X\ \Y\ 

which together with the following consequence of (|^T|) 

X {2) • Y {1) = (1 + P (1 )Q( 2) )X ■ F + P (1) |X| 2 + Q {2) \Y\\ (54) 
lead to equations (|5^|) . 

(<^=) Equations and the linear problem (}4~Tj) imply (jo^j) which gives condition 

□ 




Remark. Equations ()52|) express the basic property of circular quadrilaterals, men- 
tioned in a proof of Proposition in the form independent of the convexity or not of 
the quadrilateral (see [Ej)- 

The following Proposition gives the tangential coordinates of focal lattices of the 
normal congruence of the circular lattice x in terms of point coordinates of the lattice. 

Proposition 23. Given a two dimensional circular lattice x : Z 2 — > E 3 , then the 
tangent planes of the focal lattices of the normal congruence v of x are represented in 
the affine gauge by their normals 

* = m = (£) m « , »=(w) w = l ^ 1 ' (55) 

Moreover the dual Lame coefficients of the lattices y\ and y 2 can be chosen in such 
a way that 

G* 2 = -!-, H* 1 = (56) 

A (a) 

Proof. The plane y{ contains the lines v and z/( 2 ), therefore its normal must be in 
the direction of the line passing through the points X( 2 ) and xn 2 )] i.e. it must be 
proportional to A\X[ 2 ). The normalization factor can be found from the condition 
that the plane passes through the middle-point of the segment X(2)X^ 2 ). Similarly we 
find the expression for y 2 . The rest of the Proposition follows from Corollary EH] D 

Let us give the algebraic characterization, modeled on Proposition of the 
normal congruences. 
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Proposition 24. Consider a two dimensional congruence in the Euclidean space, 
with the focal lattices represented in the affine gauge by their normals y*, i = 1,2, 
and denote by H*\ G* 1 , their dual Lame coefficients. The congruence is normal if 
and only if 

y i \ / y - \ i ■' \ I y < \ g ^\ 



h* 1 J (-2) V^* 2 / vc* 2 ;^!) v^* 1 

Proof. Define the vectors X and Y by equation ()47|1: then the condition (|57|) is 
transformed into equation (|49|). By Proposition |2*U1 the vectors X, Y" satisfy the 
linear problem of the form (|4ip. with the rotation coefficients P, Q given by 



The vectors 

X X( 2 ) 



Bi± = — ± 



l-^l 1-^(2)1 



are normal vectors of two orthogonal planes bisecting y*r_2) an d 2/*; similarly the 
vectors 



1^(1)1 



are normal vector of the planes bisecting y-v-i) anc ^ ^2- The res ^ °f the P ro °f follows 
from Proposition E21 D 

Proposition 25. Given a discrete normal congruence v, then there exists a circular 
lattice x such that v is the normal congruence of x. 

Proof. Define the vectors X, Y and their rotation coefficients P, Q like in the proof 
of Proposition IH71 By the remark after Proposition EH the functions X°, Y°, defined 
by equation (|5fij) . satisfy the same linear problem as X, Y. 
Consider the following linear system for x 

_ 2(X° -x- X) r , , . 

X(D =x + 1 '-X, (59) 



IX 



gg.) =a+ 2(y °^' y) f, (eo) 

whose geometric interpretation was described at the end of Sectional Its compatibility 
is asserted by equations (jHJ), flUIj) and their consequence (J53j) . 
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The functions H and G defined by 



2(X° - x ■ X 
H m = — 



1 2 



G 



(2) 



\x\ 

2(Y° - x ■ Y) 



satisfy equations ({12} and are connected with x and the pair (X, Y) by equa- 
tions (j4()jl . Therefore the lattice represented by x is a quadrilateral lattice with the 
normalized tangent vectors X and Y, and the Lame coefficients H and G. Because 
X and Y" satisfy the constraint ([49)1 . the lattice is circular. 

Equations ()59| ) -([6U p imply that the circular lattice x and the focal lattices of the 
congruence are connected by equations which means just that the focal planes 
bisect orthogonally corresponding segments of the lattice, i.e. the congruence v is the 
normal congruence of x. □ 

Remark. If there exists one such circular lattice, then there exist an infinity of such 
circular lattices labelled by the position of an initial point of the construction. 



B The Darboux transformation for the discrete 
Bianchi system 

The following results can be checked by direct (but tedious) calculation and actually 
are modification of Theorem 7 of [T3*j . 

Lemma 26. Given n : Z 2 — > E 3 satisfying the discrete Bianchi system (|5jL define 
fj = Ffi and let fj l and f} 2 be unit vectors orthogonal to fj Q and to each other. Ifp 1 ^, 
q^, A, B = 0,1,2, are the functions defined by the unique decompositions 

2 2 

B=0 B=0 

and if 

R{m 1 ,m 2 ) — C/i(mi) + U 2 (m 2 ), a (mi) = ^(mj + A, b(m 2 ) = U 2 (m 2 ) - X, 
then: 

(i) the linear system 

Q [i) = M i Q, t = l,2, (61) 
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where 6 = {9, 9', 9", y\ y 2 ) T , and 



( 



Mi 



M 9 



0(1) 

-1 

k 

F 



-1 

6(2) 

_£o 

I 



«(1) 

F 

R+b^l 
R Po 
R+b n 2 

~~Po 

F 

Rr 



a(i) 



-°-{F - ^-a°) 



-ipi 

~ L rPI 

1 

F 

aF ^ R(2){ 3±a q 0_ 






P\ 

Pi 
o 





R m v o 
« ( i) F2 



^2 






r (2) 



\ _m 
\ / 

is compatible; 
(ii) the function 



R% 

a, 2 
R% 



"(2) 

a+R „\ 
R % 
a+R „2 



°(2) 



?1 



/ = (y 1 ) 2 + (y 2 ) 2 + -^ 2 + - (60" - a0') - 20 (a0' + b9 



R 



is a first integral of the system; 

(Hi) the function uj = Y^a^V^a w ^ 



n off - bO" 

satisfies the linear system ()3ip -([32 p wift n m place of x* . 



(62) 



Corollary 27. Notice that the solution 9 of the linear system ()f)lj1 is a solution of 
the discrete Moutard equation (|10j) . m/iiZe 0' = 0(i) and 0" = 9m- 

Theorem 28. Given n : Z 2 — > E 3 satisfying the discrete Bianchi system (J5j) . Zet 
and a3 fre obtained from the solution of the linear system (16 1|) subjected to the 
admissible constraint 1 = 0. Then Q satisfies equations f|34|) - (j3*3j ) and n', azwen fry 
equation fJHHj) wift n and a; in p/ace o/a;* and zs a new solution of the discrete 
Bianchi system (JHJ). 
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